Abstract. We introduce first the large-cardinal notion of Σ nsupercompactness as a higher-level analog of the well-known Magidor's characterization of supercompact cardinals, and show that a cardinal is C (n) -extendible if and only if it is Σ n+1 -supercompact. We then develop a general framework for the preservation of Σ nsupercompact cardinals under class forcing iterations and prove a general preservation result (theorem 3.16). As an application we obtain new proofs of the consistency of the GCH with C (n) -extendible cardinals (cf. [Tsa13] ) and the consistency of VP with the GCH (cf.
Introduction
The present paper is a contribution to the long-standing program in set theory of studying the robustness of strong large-cardinal notions under forcing extensions. Specifically, we are interested in the section of the large cardinal hierarchy ranging between the first extendible cardinal and Vopěnka's Principle (VP).
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In a pioneering and groundbreaking work, Richard Laver [Lav78] proved that supercompactness, one of the most prominent large cardinal properties, can be made indestructible under a wide range of forcing notions. Indeed, given a supercompact cardinal κ, Laver showed that there is a forcing notion that preserves the supercompactness of κ and makes it indestructible under further κ-directed closed forcing.
Inspired by the work of Laver, several authors subsequently obtained similar results for other classical large-cardinal notions. For instance, Gitik and Shelah [GS89] show that a strong cardinal κ can be made indestructible under so-called κ + -weakly closed forcing satisfying the Prikry condition; Hamkins [Ham00] uses the lottery preparation forcing to make various types of large cardinals indestructible under appropriate forcing notions (e.g., a strong cardinal κ becomes indestructible by ≤ κ-strategically closed forcing, and a strongly compact cardinal κ becomes indestructible by, among others, the forcing to add a Cohen subset to κ). More recently, Brooke-Taylor [BT11] shows that VP is indestructible under reverse Easton forcing iterations of increasingly directed-closed forcing notions, without the need for any preparatory forcing. In the present paper we are concerned with the preservation by forcing of C (n) -extendible cardinals. This family of large cardinals was introduced by the first author in [Bag12] as a strengthening of the classical notion of extendibility and was shown to provide natural milestones in the road from supercompact cardinals up to VP.
Recall (see [Bag12] ) that, for each n < ω, the class C (n) is the Π ndefinable closed unbounded proper class of all ordinals α that are Σ ncorrect, i.e., such that V α is a Σ n -elementary substructure of V . Also, recall that a cardinal κ is C (n) -extendible if for every λ > κ there exists an elementary embedding j : V λ → V µ , some µ, with critical point κ, j(κ) > λ, and j(κ) ∈ C (n) . It turns out that VP(Π n+1 ), namely VP restricted to classes of structures that are Π n+1 -definable, is equivalent to the existence of a C (n) -extendible cardinal. Hence VP is equivalent to the existence of a C (n) -extendible cardinal for each n ≥ 1 (see [Bag12] for details). It is in this sense that C (n) -extendible cardinals are canonical representatives of the large-cardinal hierarchy in the region between the first supercompact cardinal and VP.
Speaking in general, the preservation of very large cardinals by nice forcing notions is a delicate issue since it imposes strong forms of agreement between the ground model and the generic forcing extension. For example, suppose κ ∈ C (n) is inaccessible and P is a < κ-distributive forcing notion. If P "κ ∈Ċ (n) " then V ≡ Σn(Vκ) V P (i.e., V is Σ nelementarily equivalent to V P , allowing for parameters in V κ ). The reason being that since P is < κ-distributive and preserves that κ is in C (n) , we have
The previous remark underlines the fact that the more correct a cardinal is, the harder it is to preserve its correctness under forcing, and therefore the more fragile it becomes. In spite of this, if κ is supercompact, then Laver showed that, modulo a preparation, V ≡ Σ 2 (Vκ) V P for many forcing notions P. But one runs into trouble when seeking a similar result for stronger large cardinals, such as extendible. This phenomenon was first pointed out by Tsaprounis in his PhD thesis [Tsa12] and it was afterwards extensively studied in [BHTU16] , where the following theorem illustrates the fragility we just described.
Theorem 1.1 ( [BHTU16] ). Suppose that V κ ≺ Σ 2 V λ and G ⊆ P is a V -generic filter for nontrivial strategically < κ-closed forcing P ∈ V η , where η ≤ λ . Then for every θ ≥ η,
In particular, if κ is an extendible cardinal and P is any non trivial strategically < κ-closed forcing notion, then forcing with P destroys the extendibility of κ. Moreover, the theorem implies that there is no hope to obtain indestructibility results for Σ 3 -correct large cardinals. This suggests that if one aims for a general theory of preservation of C (n) -extendible cardinals one should concentrate on class forcing notions.
The structure of the paper is as follows: In Section 2 we prove that C (n) -extendible cardinals are uniformly characterizable in a Magidorlike way, i.e., similar to Magidor's characterization of supercompact cardinals. This reinforces the fact that C (n) -extendible cardinals are the natural model-theoretic strengthening of supercompactness, first shown in [Bag12] . Our reformulation of C (n) -extendibility will be very convenient in later sections for carrying out preservation arguments under class forcing.
Section 3 is devoted to the analysis of the interplay between C (n) -extendible cardinals and class forcing iterations. We introduce the notions of suitable iteration, P-Σ k -reflecting cardinal and P-Σ k -supercompact cardinal, and prove a very general preservation result about the preservation of C (n) -extendible cardinals under suitable iterations (Theorem 3.16).
Sections 4 and 5 are focussed on applications of Theorem 3.16. In section 4 we give a new proof of Brooke-Taylor's theorem on the indestructibility of VP [BT11] . The main advantage with respect to the original proof is that our technique leads to a finer control over the amount of Vopěnka's Principle that is preserved. In section 5 we give an alternative, and simpler, proof of Tsaprounis' result about the consistency of C (n) extendible cardinals with GCH [Tsa13] . Our arguments also work for other types of class forcing notions, so we show that C (n) -extendible cardinals are preserved after forcing with standard Easton class forcing iterations for any Π 1 -definable possible behaviour of the power-set function on regular cardinals, and that VP is preserved by any definable such iteration.
In section 6, with an eye on Woodin's HOD Conjecture, we explore briefly the connections between C (n) -extendible cardinals (and thus also VP) with the principle V = HOD. In particular we show that it is possible to force class many disagreements between the universe and HOD with respect to the calculation of successors of regular cardinals, while C (n) -extendible cardinals are preserved. In particular this leads to a higher-level-analogue of theorem 1 from [DF08] .
Section 7 is on diamond principles. We show that, assuming the GCH, the class forcing iteration of Cummings-Foreman-Magidor forcing notions for forcing ♦ + κ + at every κ ([CFM01]) preserves C (n) -extendible cardinals, and therefore it also preserves VP.
Finally, in section 8, we address the problem of the preservation of C (n) -extendible cardinals under general (non weakly homogeneous, non definable) suitable iterations. For this, we introduce the notions of C (n) -extendible and Σ n -supercompact cardinals relative to a predicate, and prove that under minor assumptions on the iteration P, every P-C (n) -extendible cardinal remains C (n) -extendible after forcing with P. In particular, when P is the standard class forcing iteration that yields V = HOD.
A Magidor-like characterization of C (n) -extendibility
We shall prove that C (n) -extendible cardinals can be characterized in a Magidor-like way, namely in a way based on the following characterization of supercompact cardinals due to Magidor.
Theorem 2.1 ( [Mag71] ). For a cardinal δ, the following statements are equivalent:
(1) δ is a supercompact cardinal.
(2) For every λ > δ in C (1) and for every a ∈ V λ , there exist ordinalsδ <λ < δ and there exist someā ∈ Vλ and an elementary embedding j : Vλ −→ V λ such that:
• cp(j) =δ and j(δ) = δ.
• j(ā) = a.
•λ ∈ C (1) .
The existence of a supercompact cardinal is thus characterized by a natural form of structural reflection for Σ 1 -correct strata of the universe, for it implies that any Σ 1 -truth (i.e., any Σ 1 sentence, with parameters, true in V ) is captured (up to some change of parameters) by some level below the supercompact cardinal. In particular, the Σ 1 -theory of the universe can be reassembled within V δ . The following notion generalizes this reflection phenomenon to higher levels of complexity.
, then we say that δ is λ-Σ n -supercompact if for every a ∈ V λ , there existδ <λ < δ andā ∈ Vλ, and there exists elementary embedding j : Vλ −→ V λ such that:
•λ ∈ C (n) . We say that δ is a Σ n −supercompact cardinal if it is λ-Σ n -supercompact for every λ > δ in C (n) .
The following theorem gives a Magidor-like characterization of C (n) -extendible cardinals.
, and let j :
Claim 2.4. V θ satisfies the following sentence:
Proof of claim. It is sufficient to show that V λ ≺ Σ n+1 V j(λ) , for then the claim follows as witnessed by λ, δ, a, and j ↾ V λ . On the one hand, notice that V δ ≺ Σ n+1 V µ , because C (n) -extendible cardinals are Σ n+2 −correct. By elementarity, this implies V j(δ) ≺ Σ n+1 V θ . On the other hand, since j(δ) > µ and j(δ) ∈ C (n) , it is true that V µ ≺ Σ n+1 V j(δ) and thus V µ ≺ Σ n+1 V θ . In addition, since µ and λ were both Σ n+1 −correct, it is the case that
By elementarity, V µ satisfies the sentence displayed above. Hence, Since µ ∈ C (n+1) , the sentence is true in the universe. Since λ was arbitrarily chosen, this implies that δ is a Σ n+1 -supercompact cardinal.
For the converse implication, let λ be greater than δ and let us show that there exists an elementary embedding j : V λ −→ V θ , for some ordinal θ, such that cp(j) = δ, j(δ) > λ, and j(δ) ∈ C (n) . Take µ > λ in C (n+1) and letδ,λ <μ and j : Vμ −→ V µ be such that cp(j) =δ, j(δ) = δ, j(λ) = λ, andμ ∈ C (n+1) . Now notice that the sentence
(1) ∃α ∃j
is Σ n+1 -expressible. Moreover, it is true in V witnessed by λ and j because j(δ) = δ >λ and δ ∈ C (n) . Thus, since Vμ is Σ n+1 -correct and containsδ andλ, it is also true in Vμ. By elementarity, V µ thinks that the sentence ∃α ∃j
is true. Since µ ∈ C (n+1) , the above displayed sentence is true in V and so δ is λ-C (n) -extendible. As λ was arbitrarily chosen, δ is a C (n) -extendible cardinal.
Remark 2.5. Notice that in the proof above, if we had chosen λ to be in C (n) , then in the displayed sentence (1) we could have also have required α ∈ C (n) . In that case, the proof actually shows that Σ n+1 -supercompactness implies C (n)+ -extendibility, which yields an alternative proof of Tsaprounis' result of the equivalence between C (n) -extendibility and C (n)+ -extendibility [Tsa] .
Corollary 2.6. A cardinal is extendible if and only if it is Σ 2 -supercompact.
Proof. This is a direct consequence of the theorem above, as every extendible cardinal is C (1) -extendible.
Observe that the proof of C (n) -extendibility from Σ n+1 -supercompactness given above only uses the definition of Σ n+1 -supercompactness restricted to those a ∈ V λ that are ordinals (i.e., the λ in the proof). Moreover, it is not explicitly required thatμ < δ. Thus, we have the following equivalence.
Corollary 2.7. For n ≥ 1, a cardinal δ is C (n) -extendible if and only if for every λ in C (n+1) , and every α < λ, there existδ,ᾱ <λ and an elementary embedding j : Vλ −→ V λ such that:
• j(ᾱ) = α.
•λ ∈ C (n+1) .
Proof. For n = 1, this is a well-known fact (see [Kan03] ). For n > 1, it follows from last theorem and the fact that C (n) -extendible cardinals are Σ n+2 -correct in V (see [Bag12] ).
Corollary 2.9. If n ≥ 1 and δ is a Σ n+1 −supercompact cardinal then it is a limit of Σ n −supercompact cardinals.
Proof. It follows from last theorem and the fact that every C (n+1) -extendible cardinal is a limit of C (n) -extendible cardinals (see [Bag12] ).
We shall see in the next section that Σ n+1 -supercompactness is a useful reformulation of C (n) -extendibility in the context of class forcing.
Indeed, we will show that for wide family of class forcing iterations the kind of elementary embeddings provided by Σ n+1 -supercompactness admit a lifting and thus C (n) -extendibility is preserved.
C (n) -extendible cardinals and Forcing
We shall investigate how C (n) -extendible cardinals may be affected by class forcing iterations. For this, we shall isolate some properties, enjoyed by many forcing iterations, that lead to the preservation of C (n) -extendibility. Among such iterations we may find the canonical iteration for forcing the GCH and weakly-homogeneous iterations for forcing other possible values of the power-set function.
Definition 3.1 (Suitable iterations). Given κ a cardinal (with possibly κ = ORD) a forcing iteration P α : α ≤ κ , Q α : α < κ is suitable if it is the direct limit of an Easton support iteration 1 such that for each λ < κ,
(1) There is some θ < κ greater than λ such that
It is well-known that suitable class forcing iterations preserve ZFC (see [Fri00] ). Condition (1) in the definition above can be strengthened on a club proper class. Namely, Proposition 3.2. Let P be a suitable iteration. The class
Proof. Closedness is obvious. As for unboundedness, fix any λ and build inductively a sequence {θ n } n∈ω of ordinals greater than λ such that for all η ≥ θ n+1 , Pη "Q η is θ n -directed closed". Notice now that θ * := sup n θ n is an element of C.
Many well-known forcing iterations can be captured within this framework. For instance, Jensen's canonical class forcing for obtaining the global GCH, or the standard class forcing iteration for forcing V=HOD.
In the sequel we will work with ORD-length suitable iterations since extendible cardinals are too destructible by set sized ones (see theorem 1.1 and the related discussion). Thus, throughout the paper we will refer to ORD-length suitable iterations simply as suitable iterations. Suppose P is such an iteration, G ⊆ P is a generic filter over V , and δ is a C (n) -extendible cardinal. We will make use of the Magidor like characterization of C (n) -extendibility (Theorem 2.3) to show that, under some hypotheses, the C (n) -extendibility of δ is preserved in V [G]. To ensure this, the main issue will be to lift ground model embeddings j : Vλ −→ V λ witnessing the λ-Σ n+1 -supercompactness of δ to embeddings j :
Notice that for any inaccessible cardinal λ, if G is P-generic over V , then the suitability of P implies that G λ := G ∩ P λ is a P λ -generic filter over V λ . As is common, we shall naturally view P λ as a subposet of P, and we will denote by p ↾ λ the restriction of any condition p in P to its λ first coordinates.
Let us recall that the following facts about set-sized forcing iterations also hold for definable class forcing iterations of ORD length. Suppose V is a countable transitive model of ZF C and P is an ORD-length iteration definable in V , then the following holds (see [Fri00] or [Rei06] ):
(1) For every p ∈ P there is a G ⊆ P a P-generic filter over V such that p ∈ G. (2) For any formula ϕ(x 0 , . . . , x n−1 ), the forcing relation
between conditions p and n-tuples σ 0 , . . . , σ n−1 of P-names, is definable in V . (3) For every P-generic filter G over V , each formula ϕ(x 0 , . . . , x n−1 ), and every n-tuple σ 0 , . . . , σ n−1 of P-names,
We will sometimes seek additional conditions both on the iteration and on a cardinal λ in order to satisfy
The following proposition gives some sufficient conditions for this to hold. Proposition 3.3. Suppose λ is an inaccessible cardinal and P is a suitable iteration such that P λ is λ-cc, it preserves that λ is inaccessible, and P λ "Q is λ-distributive", where
Proof. Let V P λ be the class of P λ -names obtained in the usual way, namely: V
On the one hand, since the rank of
is never bigger than the rank of τ in V , for any τ ∈ V P λ , we clearly have
On the other hand, by induction on the rank and using the fact that P λ is λ-cc and preserves the inaccessibility of λ, one can easily show that
For carrying out some forcing arguments using a suitable iteration P we will need to ensure that there are many cardinals λ that reflect certain properties in any P-generic extension of V . One such key property is the following.
Definition 3.4. Let P be a suitable iteration. A cardinal λ is Preflecting if
(1) λ is inaccessible, and
We shall consider next another key reflection property of P which, in our constructions, will need to hold for class-many cardinals κ.
In the sequel, let L denote the language of set theory augmented with an additional unary predicate P. This choice of the language will allow us to work with expressions involving a suitable iteration P.
Given k ≥ 0, we wish to analyze the notion
as a property of κ when P is a definable suitable iteration. In the sequel we will always assume that P is Γ m -definable 2 for some m ≥ 1, where
Proof. Note first that the only atomic formulae in the language L are of the form "x ∈ y", "x = y", or "x ∈ P ", where x and y are variable symbols. Hence, the truth predicate for L−atomic formulae is Γ mdefinable (recall that we assume P is Γ m -definable). Now let ϕ(x, y) be a Σ 0 -formula. Suppose by induction on the complexity of the formulae, that Σ L 0 is Γ m -definable when restricted to proper subformulae of ϕ(x, y). The result is clear for Boolean combinations. So, suppose that ϕ(x, y) is of the form ∃z ∈ y ψ(z,x). Then for anyā and b,
Proof. By induction over k. For k = 1, take any Σ 1 formula ϕ(x, y) ≡ ∃y ψ(x, y) in L, where ψ(x, y) is Σ 0 . Givenā any finite sequence of parameters, notice that
is a Σ m+k -definable relation if Γ = Π, and is Σ m+k+1 -definable if Γ = Σ.
Definition 3.7. For k ≥ 0, an ordinal α, and a definable suitable iteration P, we shall write
We shall denote by C (k)
P the class of all ordinals α such that
It is easily seen that the class C (k) P is closed and unbounded. Let us calculate next the complexity of C
is a Σ 0 formula in L and α is an ordinal which correctly interprets the predicate P, then
P . Note that if P is ∆ 1 -definable, i.e., both Σ 1 and Π 1 -definable, then the class C (0) P coincides with ORD and is thus Σ 0 -definable. If P is Σ 1 -definable, then C (0) P is ∆ 2 -definable (i.e., both Σ 2 and Π 2 -definable), for if ϕ(x) is a Σ 1 formula defining P, then:
and also
P is also easily seen to be ∆ 2 -definable. Now suppose P is Γ m -definable, where m ≥ 2. then the class C
P is ∆ m+1 -definable (i.e., both Σ m+1 and Π m+1 -definable):
where Ψ(x) stands for some Γ m -formula defining P. Note however that if P is ∆ m -definable, then
Proof. We have already computed the complexity of the class C (0)
Now, by induction, and using proposition 3.6, the complexity of the definition of the class C (k) P is easily computed. Notice that if C is a club proper class of ordinals and is Σ k -definable, then it contains C (k) ; and if it is Π k -definable, then it contains C (k+1) .
The next proposition will be crucial for further arguments.
Proposition 3.9. Suppose P is a suitable iteration. If κ is a P-
Proof. This is clear for k = 0. So, assume k ≥ 1. Let ϕ(x) be a Σ kformula in the language of set theory and let τ ∈ V κ be a P κ -name such that p P ϕ(τ ), for some p ∈ P. Notice that this is a legitimate choice for τ as κ is P-reflecting.
Observe that by taking P as an additional predicate, the forcing relation P for Σ k -formulae in the forcing language 3 is Σ k -definable.
Claim 3.10. There exists a condition q ∈ P κ such that q ≤ p ↾ κ and q P ϕ(τ ).
Proof of claim. Suppose otherwise. Since V κ , ∈, P κ ≺ Σ k V, ∈, P , and the sentence "q P ϕ(τ )" is Π k expressible in the language of V, ∈, P , we have that "q Pκ ϕ(τ )" holds in V κ , ∈, P κ , for every q ≤ p ↾ κ in P κ . Therefore,
Again, since V κ , ∈, P κ ≺ Σ k V, ∈, P , and the quoted displayed sen-
which yields the desired contradiction to the fact that p P ϕ(τ ).
Since κ is inaccessible,
is equivalent to a Σ k sentence in the language of V, ∈, P , with parameters q and τ . So, since V κ , ∈, P κ ≺ Σ k V, ∈, P , we have
Altogether, this proves that the set of conditions in P κ forcing ϕ(τ ) is dense and thus
The last proposition motivates the following strengthening of the notion of P-reflection (cf. definition 3.4).
Definition 3.11. If k ≥ 1 and P is a definable suitable iteration, then we say that a cardinal κ is P-Σ k -reflecting if it is P-reflecting and, moreover, it belongs to C (k) P . Proposition 3.9 shows that if P is a definable suitable iteration, then P-Σ k -reflecting cardinals remain Σ k -correct in any P-generic extension of V . So, although the main motivation behind proposition 3.9 is the lifting of elementary embeddings under suitable iterations, it also sheds some light into the study of the preservation of Σ n -correct cardinals under forcing (see [Tsa12] ), an interesting topic in its own right. Here is a summary of essentially all that was known: If κ ∈ C
(1) and P is a forcing notion that preserves V κ , then P "κ ∈ C
(
, then any non-trivial forcing notion that preserves L κ will force that κ is not in C (2) , for it will force V = L. If κ ∈ C (1) , then, as observed by Carmody [Car15] , one can easily preserve it being in C (1) while forcing it not being in C (2) . Namely, first force the GCH below κ, which preserves κ ∈ C (1) , and then force the failure of GCH at κ without changing V κ .
As far as the preservation under forcing of C (n) -extendible cardinals, it is not known in general how to preserve the C (n) -extendibility of δ while destroying its C (n+1) -extendibility (see [Tsa14] ).
Proposition 3.12. Suppose m ≥ 1 and P is a Γ m -definable suitable iteration. The predicate "κ is a P-Σ k -reflecting cardinal" is Π m+1 if k = 1, and is Π m+k−1 if k ≥ 2.
Proof. Notice first that being an inacessible cardinal is a Π 1 predicate. Also, in general, the assertion "P forces that
expressible if Γ = Σ, and Π m+2 if Γ = Π. To see this, first note that the class V P of P-names is Σ m -definable if Γ = Σ, and ∆ m+1 -definable if Γ = Π. Next, note that P forces
However, notice that if P is absolute for V κ , then the assertion "P forces
Finally, by Proposition 3.8, the fact that V κ , ∈, P κ ≺ Σ k V, ∈, P is Π m+1 -expressible if k = 1, and Π m+k−1 -expressible if k ≥ 2.
The following definition gives a refinement of the notion of Σ nsupercompact cardinal, relative to suitable iterations. Definition 3.13 (P-Σ n -supercompactness). If n ≥ 1 and P is a suitable iteration, then we say that a cardinal δ is P-Σ n -supercompact if there exists a proper class of P-Σ n -reflecting cardinals, and for every such cardinal λ > δ and every a ∈ V λ there existδ <λ < δ andā ∈ Vλ, and there exists an elementary embedding j : Vλ −→ V λ such that:
•λ is P-Σ n -reflecting.
Next proposition unveils some connections between Σ n -supercompact cardinals and P-Σ n -supercompact cardinals.
Proposition 3.14. Suppose n ≥ 1 and P is a Γ m -definable suitable iteration for some m ≥ 1. Suppose there is a proper class of P-Σ nreflecting cardinals. Then,
(1) Every P-Σ n -supercompact cardinal is Σ n -supercompact.
(2) If δ is Σ m+1 -supercompact, in case n = 1, or Σ m+n−1 -supercompact, in case n ≥ 2, then δ is P-Σ n -supercompact. In particular, if P is a Γ 1 -definable suitable iteration and there exists a proper class of P-Σ n+1 -reflecting cardinals, then every Σ n+1 -supercompact cardinal is P-Σ n+1 -supercompact.
Proof. (1): Assume δ is a P-Σ n -supercompact. Let λ > δ be a Σ ncorrect cardinal and let κ > λ be a P-Σ n -reflecting cardinal. Notice that V κ "V λ ≺ Σn V " and thus by P-Σ n -supercompactness, there is some j : Vκ −→ V κ such that j(λ) = λ for someλ < δ and someκ being P-Σ n -reflecting. By elementarity, Vκ thinks thatλ is a Σ n -correct cardinal and thus Vλ ≺ Σn V .
(2): Let us prove the case case n ≥ 2, the case n = 1 being proved similarly. So, let λ > δ be a P-Σ n -reflecting cardinal and κ > λ be a Σ m+n−1 -correct cardinal. Since being a P-Σ n -reflecting cardinal is a Π m+n−1 property (Proposition 3.12), V κ thinks that λ is P-Σ nreflecting. Since δ is Σ m+n−1 -supercompact, there existδ <λ <κ with Vκ ≺ Σ m+n−1 V , and there exists an elementary embedding j : Vκ −→ V κ such that cp(j) =δ, j(δ) = δ, and j(λ) = λ. By elementarity, Vκ thinks thatλ is P-Σ n -reflecting, and since Vκ ≺ Σ m+n−1 V , we have thatλ is P-Σ n -reflecting in V . Thus, the restricted embedding j ↾ Vλ witnesses the P-Σ n -supercompactness of δ.
The proposition above together with theorem 2.3 yield the following.
Corollary 3.15. Suppose n ≥ 1 and P is a Γ m -definable suitable iteration, some m ≥ 1. Then, assuming there is a proper class of P-Σ n+1 -reflecting cardinals,
(1)
In particular, if P is a Γ 1 -definable suitable iteration and there exists a proper class of P-Σ n -reflecting cardinals, a cardinal is C (n) -extendible if and only if it is P-Σ n+1 -supercompact.
The following theorem establishes some sufficient conditions for the preservation of C (n) -extendible cardinals under definable suitable iterations. Recall that a partial ordering P is weakly homogeneous if for any p, q ∈ P there is an automorphism π of P such that π(p) and q are compatible.
Theorem 3.16. Suppose m, n ≥ 1 and m ≤ n + 1. Suppose P is a weakly homogeneous Γ m -definable suitable iteration and there exists a proper class of P-Σ n+1 -reflecting cardinals. If δ is a P-Σ n+1 -supercompact cardinal, then
Proof. Suppose G is P-generic over V . By corollary 2.7, it is sufficient to take an arbitrary λ > δ such that
, and any α < λ, and findδ,ᾱ <λ, and an elementary embedding j :
, and α < λ. In V , let κ be P-Σ n+1 -reflecting and greater than λ. Since δ is P-Σ n+1 -supercompact there existδ <λ <κ < δ and an elementary embedding j : Vκ −→ V κ such that
• cp(j) =δ and j(δ) = δ •κ is P-Σ n+1 -reflecting • j(λ) = λ. Notice that since both κ andκ are P-Σ n+1 -reflecting and m ≤ n + 1, we have that P Vκ = P κ = P ∩ V κ and P Vκ = Pκ = P ∩ Vκ. It will suffice to show that j ↾ Vκ can be lifted to an elementary embedding j :
For suppose this is the case. Then, since both κ andκ are P-reflecting in V , we have that
Moreover, by proposition 3.9 bothκ and κ are Σ n+1 -correct cardinals in V [G]. So, V [G] κ "λ is Σ n+1 -correct" and therefore, by elementarity and Σ n+1 -correctness ofκ,
So, let us show that j ↾ Vκ can be lifted to j :
The iterations Pκ and P κ factorize as follows:
• Pκ ∼ = Pδ * Q with |Q| =κ.
• P κ ∼ = P δ * Q * with P δ "Q * is weakly homogeneous and δ-directed closed".
Indeed, the first bullet is clear sinceκ is strong limit. For the second, notice that homogeneity is granted by condition 2 from Definition 3.1. To see that P δ "Q * δ-directed closed ", recall from proposition 3.2 that the class C = {λ : ∀η ≥ λ, Pη "Q η is λ-directed closed"} is a club class. Thus, it will be sufficient to see that δ is a limit point of C, and therefore it belongs to C. So, let λ < δ and notice that since P is a suitable iteration, the sentence ϕ(λ) asserting:
holds in the universe. Also notice that ϕ(λ) is Σ m+2 expressible since it is equivalent to:
. Since δ is a Σ m+2 -correct cardinal (by proposition 3.14 and corollary 2.8), there must be a witness for ϕ(λ) below δ. This shows C is unbounded in δ.
Since bothδ and δ are inaccessible and Σ n+1 -correct in V , we have that j(Pδ) = P δ . Also, sinceδ is the critical point of j, we have that j ′′ Gδ = Gδ ⊆ G δ , and so j ↾ Vκ can be lifted to an elementary embedding j :
Let us denote by G [δ,κ) and G [δ,κ) the filters G ∩ Q and G ∩ Q * , respectively. Notice that these filters are generic for Q and Q * over Vκ [Gδ] and V κ [G δ ], respectively. In order to lift the embedding j to the further generic extension
. Thus, p is a master condition in Q * for the embedding j and the generic filter G [δ,κ) . So, if H ⊆ Q * is a generic filter over V κ [G δ ] containing p, then j can be lifted to an elementary embedding j :
Claim 3.17. There exists some generic filter
Proof of claim. Since P κ is a definable suitable class forcing iteration in V κ , Q * is a weakly homogeneous class forcing in V κ [G δ ]. Thus, the set of conditions r ∈ Q * for which there is an automorphism π of Q * such that π(r) ≤ p is dense. Therefore there is some such r in G [δ,κ) . Now, notice that the filter H generated by the set π ′′ G [δ,κ) contains π(r) and thus contains p. Since H is definable by means of π and
By taking H ⊆ Q * as in the claim above, we thus obtain a lifting
as wanted.
Corollary 3.18. Suppose n ≥ 1, P is a weakly homogeneous Γ 1 -definable suitable iteration, δ is a C (n) -extendible cardinal, and there is a proper class of P-Σ n+1 -reflecting cardinals. Then
Proof. By Theorem 2.3, δ is Σ n+1 -supercompact, and by proposition 3.14, since P is a Γ 1 -definable suitable iteration, δ is P-Σ n+1 -supercompact. Now, theorem 3.16 applies to get the desired conclusion.
Let us briefly look into the conditions under which there is a proper class of P-Σ n+1 -reflecting cardinals (recall this was one of the assumptions in the statement of theorem 3.16). Recall that C (n+1) P and C = {λ : ∀η ≥ λ ( Pη "Q η is λ-directed closed")} are club proper classes (proposition 3.2). Also, if P is Γ m -definable, then we have seen (proposition 3.8) that C (n+1) P is Π m+n -definable (for n ≥ 1). Moreover, C is easily seen to be ∆ m+1 -definable. Further, the unbounded class D of all cardinals κ such that P forces that
is Π m+1 -definable if Γ = Σ, and Π m+2 -definable if Γ = Π. Note that every inaccessible cardinal κ that is a limit point of the class is P-reflecting. Thus, we have the following. Proposition 3.19. If ORD is Π m+n -Mahlo (i.e., every Π m+n -definable club proper class of ordinals contains an inaccessible cardinal), in case Γ = Σ or n > 1, or is Π m+2 -Mahlo in case Γ = Π and n = 1, then the class of P-Σ n+1 -reflecting cardinals is proper.
So, we have the following corollary.
Corollary 3.20. Suppose that 1 ≤ m, n with m ≤ n + 1, P is a weakly homogeneous Γ m -definable suitable iteration, and δ is a P-Σ n+1 -supercompact cardinal. If ORD is Π m+n -Mahlo (case Γ = Σ or n > 1), or Π m+2 -Mahlo (case Γ = Π and n = 1), then
Vopěnka's principle and suitable iterations
The following two theorems from [Bag12] show that C (n) -extendible cardinals are natural representatives of the large cardinal hierarchy between extendible cardinals and Vopěnka's Principle (VP). (1) VP (2) For every n ≥ 1 there exists a C (n) -extendible cardinal.
A level-by-level equivalence between C (n) -extendibility and the corresponding restricted forms of Vopěnka's principle also holds.
Theorem 4.2 ([Bag12]
). Let n ≥ 1. The following are equivalent:
(1) VP(Π n+1 ), i.e., VP restricted to proper classes of structures that are Π n+1 -definable without parameters. (2) There exists a C (n) -extendible cardinal.
For n = 0, the equivalence is between VP(Π 1 ) and the existence of a supercompact cardinal (see [Bag12] ).
Vopěnka's Principle can be also characterized in terms of the existence of P-Σ n -supercompact cardinals, for any Γ m -definable suitable iteration P. Namely, Theorem 4.3. The following are equivalent:
(1) VP holds.
(2) For every n, m ≥ 1 and every Γ m -definable suitable iteration P, there exists a P-Σ n -supercompact cardinal.
Proof.
(1) ⇒ (2): Let n, m ≥ 1 and let P be a Γ m -definable suitable iteration. By theorem 4.2, (1) implies that there is a proper class of P-Σ n -reflecting cardinals. Then, again by theorem 4.2 and corollary 3.15, there is a P-Σ n -supercompact cardinal.
(2) ⇒ (1): If (2) holds, then there exists a C (n) -extendible cardinal, for every n ≥ 1 (theorem 2.3), hence by theorem 4.2, VP holds.
One also obtains a parametrised version of the last theorem, using the following lemma.
Proof. Let us prove the lemma for n > 1. The case n = 1 is similar, using the fact that VP(Π 1 ) is equivalent to the existence of a supercompact, and that every supercompact cardinal belogs to C (2) . So, let n > 1 and assume that VP(Π n ) holds. Let κ be a C (n−1) -extendible cardinal, which exists by theorem 4.2. Let C be a Π n -definable club proper class of ordinals and let ϕ(x) be some Π n -formula defining it. It is easy seen that "C is a club proper class" can be expressed by a Π n+2 -formula, hence it is correctly computed by V κ , because κ is C (n−1) -extendible and therefore it belongs to C (n+1) ([Bag12] ). Notice that C ∩ κ is a club subset of κ and so κ ∈ C. Since κ is inaccessible the result follows.
Theorem 4.5. Let m, n ≥ 1 and let P be a Γ m -definable suitable iteration. Then
(1) If there is a P-Σ n+1 -supercompact cardinal then VP(Π n+1 ) holds. (2), and assuming the existence of a proper class of P-Σ n+1 -reflecting cardinals, implies that there exists a P-Σ n+1 -supercompact cardinal. So, since by the lemma above VP(Π m+n ) implies that ORD is Π m+n -Mahlo, by proposition 3.19 we have that in the case Γ = Σ or n > 1, there exists a proper class of P-Σ n+1 -reflecting cardinals. This shows (2). Finally, (3) also follows from theorem 4.2, corollary 3.15, and proposition 3.19.
Let us end this section by proving Brooke-Taylor's result on the preservation of Vopěnka's Principle under definable suitable iterations, and also by giving a level-by-level version of it.
Theorem 4.6 ([BT11]
). Let P be a weakly-homogeneous definable suitable iteration. If VP holds in V , then VP holds in V P .
Proof. Let P be any Γ m -definable weakly-homogeneous suitable iteration. If VP holds in the ground model V then theorem 4.3 shows that for any n ≥ 1 there is some P-Σ n+1 -supercompact cardinal. Also, from proposition 3.19 and lemma 4.4, there is a proper class of P-Σ n+1 -reflecting cardinals. For each n ≥ 1, let us denote by δ n the least P-Σ n+1 -supercompact cardinal. Now applying Theorem 3.16 we get that P "δ n is C (n) -extendible", for every n ≥ 1 such that m ≤ n + 1. This implies, by theorem 4.2, that V P VP.
The following is a level-by-level analogue of Brooke-Taylor's theorem.
Theorem 4.7. Let n, m ≥ 1 be such that m ≤ n + 1, and let P be a weakly-homogeneous Γ m -definable suitable iteration. Then,
(1) If Γ = Σ or n > 1, and VP(Π m+n ) holds, then VP(Π n+1 ) holds in V P . (2) If Γ = Π and n = 1, VP(Π m+1 ) holds, and ORD is Π m+2 -Mahlo, then VP(Π 2 ) holds in V P .
Proof. For (1), notice that if VP(Π m+n ) holds, then by lemma 4.4 ORD is Π m+n -Mahlo, hence by proposition 3.19 there is a proper class of P-Σ n+1 -reflecting cardinals. Also, by theorem 4.5 (1) and (2) there exists a P-Σ n+1 -supercompact cardinal. So, by theorem 3.16 there is in V P a C (n) -extendible cardinal and hence VP(Π n+1 ) holds in the generic extension. The argument for (2) is similar, using theorem 4.5 (2).
As the reader may have observed, our statement of Brooke-Taylor's result differs from the original one in that we require P to be weakly homogeneous. This additional hypothesis seems to be necessary to carry out the lifting arguments of the proof, for without weak homogeneity there is no guarantee that the master condition lies in a segment of the generic G. However, thanks to the weak homogeneity assumption our proof shows more than Brooke-Taylor's, for it shows that every relevant elementary embedding from the ground model lifts to an elementary embedding in the forcing extension. Even though the assumption of weak homogeneity is fulfilled by a wide family of forcing notions, it puts some restrictions on the sort of statements that can be forced. One example is the statement V = HOD, for if P ∈ HOD is weakly homogeneous, then the HOD of any generic extension by P is contained in the HOD of the ground model. In section 8 we will discuss in more detail the problems arising with non-homogeneous suitable iterations.
Forcing the GCH and related combinatorial principles
Let P = P α ;Q α : α ∈ ORD be the standard Jensen's proper class iteration for forcing the global GCH. Namely, the direct limit of the iteration with Easton support where P 0 is the trivial forcing and for each ordinal α, if Pα "α is an uncountable cardinal", then
Pα "Q α = Add(α + , 1)", and Pα "Q α is trivial", otherwise. It is easily seen that the iteration is weakly homogeneous, suitable, and Π 1 -definable.
Tsaprounis [Tsa13] shows that P preserves C (n) -extendible cardinals. We give next a simpler proof of this result. Proof. Let us show first that every inaccessible cardinal λ is P-reflecting. So, suppose G is P-generic over V and a ∈ V [G] λ . As P preserves the innaccessibility of λ, we have
, and so there exists some µ < λ and some binary relation E on µ such that T C(a), ∈ ∼ = µ, E . Since the remaining part of the iteration after stage λ is λ-closed, we have that E ∈ V [G λ ], and since λ is inaccessible, and so the direct limit was taken at stage λ of the iteration, E ∈ V [G α ], for some α < λ such that |P α | = α. So, since P α is α + -cc, we can easily find a nice P α -name τ ∈ V λ such that i G λ (τ ) = E. Thus, we have shown that E ∈ V λ [G λ ], hence by taking the transitive collapse of µ, E , we obtain a ∈ V λ [G λ ].
Since P is Π 1 -definable, the class C (n+1) P is Π n+1 -definable (proposition 3.8). If λ is a C (n) -extendible cardinal, then VP(Π n+1 ) holds (theorem 4.2), hence by lemma 4.4 ORD is Π n+1 -Mahlo. It follows that there is a proper class of regular cardinals in C (n+1) P . Since every such cardinal is inaccessible, there is a proper class of P-Σ n+1 -reflecting cardinals, hence corollary 3.18 implies that P preserves λ being C (n) -extendible.
A classical result of Easton shows that for regular cardinals the value of the power-set function can be (almost) arbitrarily chosen 4 . Namely, a class function E from the class REG of infinite regular cardinals to the class of cardinals is called an Easton function if it satisfies König's theorem (i.e., cf (E(κ)) > κ, for all κ ∈ REG) and is increasingly monotone. Let P E = P α ,Q α : α ∈ ORD be the forcing iteration with Easton support where P 0 is the trivial forcing and for each ordinal α, if Pα "α is a regular cardinal", then Pα "Q α = Add(α, E(α))", and Pα "Q α is trivial" otherwise. Standard arguments (see [Jec02] ) show that if the GCH holds in the ground model, then P E preserves all cardinals and cofinalities and forces that 2 κ = E(κ) for each regular cardinal κ. Moreover, for each regular cardinal λ, the remaining part of the iteration after stage λ is λ-closed. Notice that if the Easton function E is Π m -definable (m ≥ 1), then P E is also Π m -definable: If m = 1, then p ∈ P E if and only if M |= "p ∈ P E ", for every transitive model of some big-enough finite fragment of ZFC that contains p. And if m > 1, then p ∈ P E if and only if V α |= "p ∈ P E ", for every α ∈ C (m−1) such that p ∈ V α . Moreover, P E is suitable and weakly homogeneous. Similarly as in the proof of theorem 5.1 we can now show the following.
Theorem 5.2. If E is a Π 1 -definable Easton function, then P E preserves C (n) -extendible cardinals, all n ≥ 1. More generally, if E is a Π m -definable Easton function (m > 1) and λ is C (m+n−1) -extendible, then P E forces that λ is C (n) -extendible, all n ≥ 1 such that m ≤ n + 1.
Proof. We argue as in the proof of theorem 5.1. First, as observed above, if E is Π 1 -definable, then so is P E . Also, every inaccessible λ closed under E is P E -reflecting because P E preserves the inaccessibility of λ. So, since every inaccessible cardinal in C (2) is closed under E, as in the proof of 5.1 we have that P E preserves C (n) -extendible cardinals. In general, if E is Π m -definable (m > 1), then P E is also Π mdefinable. Also, the class C . Since every such cardinal is inaccessible and closed under E, there is a proper class of P E -Σ n+1 -reflecting cardinals, hence by corollary 3.15 (3) and theorem 3.16, P E preserves λ being C (n) -extendible. 4 The situation is completely different in the case of singular cardinals, where there are ZFC upper bounds (e.g., Shelah's bound on 2 ℵω ) or eventually constant behaviour assuming the existence of large cardinals (e.g., Solovay's result that SCH holds above the first strongly compact cardinal).
The last theorem is sharp, in the sense that we cannot hope to prove that P E preserves C (n) -extendible cardinals. For suppose κ is the least C (n) -extendible cardinal. Then the Easton function E that sends ℵ 0 to κ and every uncountable regular cardinal λ to max{λ + , κ} is Π n+2 -definable and destroys κ being inaccessible. In the case n = 1 this gives an example of a Π 3 -definable Easton function E such that P E destroys a C
(1) -extendible (i.e., extendible) cardinal. Theorem 5.2 yields the following corollary using the equivalence given in theorem 4.2.
Corollary 5.3. For every definable Easton function E the class forcing P E preserves VP.
Moreover, by combining theorems 5.1 and 5.2 we also obtain the following.
Corollary 5.4. If VP holds in V , then in some class forcing extension of V that preserves VP, for every definable Easton function E there is a further class forcing extension that preserves VP and where for every infinite regular cardinal κ, 2 κ = E(κ).
Proof. First force with the standard Jensen's iteration for forcing the GCH. Then in the forcing extension, given a definable Easton function E, force with P E , which by theorem 5.2 preserves VP and, since the GCH holds, forces 2 κ = E(κ) for every infinite regular cardinal κ.
A remark on Woodin's HOD Conjecture
The remarkable HOD Dichotomy theorem of Woodin says that, modulo the existence of an extendible cardinal, either V is close to HOD or it is far from it. Specifically, if κ is an extendible cardinal, then either (1): for every singular cardinal λ > δ, λ is singular in HOD and (λ + ) HOD = λ + , or (2): every regular cardinal λ > κ is ω-strongly measurable in HOD (see [Woo10] ). Woodin's HOD Hypothesis asserts that there is a proper class of regular cardinals that are not ω-strongly measurable in HOD, and therefore that the first option of the HOD Dichotomy is the true one. Woodin's HOD Conjecture asserts that the HOD Hypothesis is provable in the theory ZFC + "There exists an extendible cardinal". Our arguments may be used to show that if the HOD Conjecture holds, and therefore it is provable in ZFC + "There exists an extendible cardinal" that above the first extendible cardinal every singular cardinal λ is singular in HOD and (λ + ) HOD = λ + , there may be little agreement between V and HOD about regular cardinals. Let us give an example.
Let C = P α ;Q α : α ∈ ORD be the Easton support iteration where P 0 is the trivial forcing and for each ordinal α, if Pα "α is regular" then Pα "Q α =Ċ oll(α, α + )", and Pα "Q α is trivial" otherwise.
Theorem 6.1. Forcing with C preserves C (n) -extendible cardinals and forces " (λ + ) HOD < λ + , for every regular cardinal λ".
Proof. For the preservation of C (n) -extendible cardinals we may argue as in the proof of theorem 5.1, using the fact that C preserves inaccessible cardinals. It then remains to prove the claim about successors of regular cardinals. If λ is a regular cardinal in V C , then it was also a regular cardinal at stage λ of the iteration, hence its successor was collapsed at stage λ + 1. Thus, on the one hand,
On the other hand, since C is weakly homogeneous, HOD
and the claim follows.
Corollary 6.2. Forcing with C preserves VP and forces (λ + ) HOD < λ + for every regular cardinal λ.
Theorem 6.1 yields the analogous result to the main theorem from [DF08] , at the level of C (n) -extendible cardinals. Namely, Corollary 6.3. Let n ≥ 1. If the theory "ZFC + There is a C (n) -extendible cardinal" is consistent, then it is also consistent with ZFC that there exists a C (n) -extendible cardinal and κ + > (κ + ) HOD , for every regular cardinal κ.
On diamonds
Some combinatorial principles that fall within our framework are Diamond Principles. Given an infinite regular cardinal κ, recall that a ♦ κ -sequence is a sequence A α : α < κ of sets A α ⊆ α such that for every A ⊆ κ the set {α ∈ κ : A ∩ α = A α } is stationary. We say that ♦ κ holds if there exists a ♦ κ -sequence.
One straightforward implication of the existence of such sequences over a regular cardinal κ is that 2 <κ = κ. In particular, if κ = λ + , then the existence of a ♦ κ -sequence implies that the GCH holds at λ. In general, the implication cannot be reversed (see [Rin11] for a full discussion on this matter). The Diamond Principles were introduced by Jensen, who proved that ♦ κ + holds in L, for every infinite cardinal κ. Among its many applications ♦ ω 1 was firstly used by Jensen to construct a Suslin tree on ω 1 , thereby proving the consistency of the negation of Suslin's Hypothesis.
Jensen also considered a natural strengthening of ♦ κ based on stationary subsets of κ. Namely, given a stationary subset S of κ, a sequence A α : α ∈ S is a ♦ S -sequence if A α ⊆ α and for every A ⊆ κ the set {α ∈ S : A ∩ α = A α } is stationary. We say that ♦ S holds if there is a ♦ S -sequence.
There is a natural forcing notion for forcing this kind of sequences. Namely, given an infinite cardinal κ, let D κ + be the forcing notion whose conditions are functions p with dom(p) = α + 1 for some α < κ + and such that p(β) ⊆ β for each β in the domain, ordered by: p ≤ q if and only if dom(p) ⊇ dom(q) and p ↾ dom(q) = q. Using density arguments it is not hard to check that given any generic filter
+ -closed and (2 κ ) + -cc. In particular, if 2 κ = κ + holds in the ground model, then forcing with D κ + preserves all cardinals and cofinalities. It is also straightforward to show that D κ + is isomorphic to a dense subset of Add(κ + , 1). Therefore, forcing with Jensen's iteration P for the GCH produces a model where ♦ κ + holds for every κ. Moreover, it is well-known that forcing with Add(κ + , 1) automatically forces ♦ S , for every stationary S ⊆ κ + in V Add(κ + ,1) . Thus, from theorem 5.1, we have the following.
Corollary 7.1. Let n ≥ 1 and suppose λ is a C (n) -extendible cardinal. Then in V P the cardinal λ is still C (n) -extendible and ♦ S holds, for every κ and every stationary S ⊆ κ + . Hence (theorem 4.2), if VP holds in V , then it also holds in V P , together with ♦ S , for every κ and every stationary S ⊆ κ + .
There is a further generalization of
≤κ and for every A ⊆ κ + there is a club C ⊆ κ + such that
We say that ♦ 
++ with supports of size ≤ κ, where P 0 is the natural forcing notion that introduces a sequence A of the right form to be a ♦ + κ + -sequence whereas the rest of the iterates will force the club sets C ⊆ κ + which will witness that A is indeed a ♦ 
General class forcing iterations
In this section we follow up the discussion at the end of section 4 about non weakly homogeneous suitable iterations. One prominent example is the iteration P that forces V = HOD by coding the universe throughout the GCH pattern. This iteration is suitable but neither weakly homogenous nor, in general, definable with set parameters. Thus, for a proper formal treatment of forcing with P one needs to work within a theory such as ZFC P , namely ZFC with the axiom schemata of Separation and Replacement allowing for formulas in the language of set theory with an additional predicate symbol P . In the sequel, let us assume we work in such a theory and let us consider the relativization to some class predicate P of some of the key notions and results from previous sections.
For n ≥ 1 and P any class, let C (n) P be the club class of P -Σ n -correct cardinals, namely the class of all ordinals α such that V α , ∈, P ∩ V α ≺ Σ k V, ∈, P .
(cf. definition 3.7). The next definition is a natural strengthening of the notion of C (n) -extendibility relative to a predicate P .
Definition 8.1 (P -C (n) -extendible cardinal). For n ≥ 1, we say that a cardinal δ is P -C (n) -extendible if for every cardinal λ ∈ C (n) P , λ > κ, there is an ordinal θ and an elementary embedding j : V λ , ∈, P ∩ V λ → V θ , ∈, P ∩ V θ with crit(j) = κ, j(κ) > λ, and j(κ) ∈ C (n) . If, moreover, we can pick θ in C (n) P , then we say that δ is P -C (n)+ -extendible.
Similarly, we may also consider the notion of P -Σ n -supercompactness, for any class P . Definition 8.2 (P -Σ n -supercompactness). If n ≥ 1, then we say that a cardinal δ is P -Σ n -supercompact if for every λ ∈ C (n) P greater than δ, and every a ∈ V λ there existδ <λ < δ andā ∈ Vλ, and there exists an elementary embedding j : Vλ −→ V λ such that:
•λ ∈ C (n)
P . (cf. definition 3.13).
Then, the same arguments in the proof of theorem 2.3 yield the following equivalence.
Theorem 8.3. For every n ≥ 1, every class P , and every cardinal κ, the following are equivalent:
(1) κ is P -C (n) -extendible. (2) κ is P -Σ n+1 -supercompact. (3) κ is P -C (n)+ -extendible.
Clearly, any P -C (n) -extendible cardinal is C (n) -extendible, but the converse need not hold.
We are interested here in the case when the predicate P is a suitable iteration P. Then the notion of P-C (n) -extendible cardinal is precisely what is needed to prove the following.
Theorem 8.4. Let P be a (not necessarily definable) suitable iteration. If δ is a P-C (n) -extendible cardinal, and there is a proper class of Preflecting cardinals, then P forces that δ is C (n) -extendible.
Proof. Let λ > δ be P-reflecting. It will be sufficient to prove that if G λ is P λ -generic over V , then in the generic extension V [G λ ], the set D of conditions r ∈ P [λ,Ord) that force the existence of an elementary embedding j :
some θ, with cp(j) = δ, j(δ) > λ, and j(δ) ∈ C (n) , is dense in P [λ,Ord) .
So, in V [G λ ], let r be a condition in P [λ,Ord) . Back in V , let µ ∈ C (n) P be greater than λ and such that
Pµ "P [µ,Ord) is λ + -directed closed".
Since δ is P-C (n) + -extendible (theorem 8.3), in the ground model V there exists an elementary embedding j : V µ , ∈, P ∩ V µ → V θ , ∈, P ∩ V θ with critical point δ such that j(δ) > µ, and θ, j(δ) ∈ C (n) . For each q ∈ P λ there is an ordinal α < δ such that supp (q) ∩ δ ⊆ α. Hence, supp (j(q)) ∩ j(δ) ⊆ α, and so j(q) is a P j(λ) -condition such that j(q)(β) = q(β) if β < α. 1 if β ∈ [α, j(δ)).
Since µ < j(δ) we have that supp (j(q)) ∩ [λ, µ) = ∅. So, by our choice of the ordinal µ, in V [G λ ] we can take r * ∈ P [µ,Ord) such that
for all q ∈ G λ . Then, the condition r ∧ r * such that r ∧ r * (β) = r(β) if β ∈ [λ, µ). r * (β) if β ∈ [µ, j(λ)).
is well-defined and works as a master condition for j and the forcing P j(λ) /G λ , because r ∧ r * P j(λ) /G λ j ′′ G λ ⊆Ġ j(λ) .
Thus, for any P j(λ) -generic filter G j(λ) over V extending G λ and containing r ∧ r * , the elementary embedding
lifts to an elementary embedding
Now, since λ is P-reflecting, P forces that
Hence, by the choice of µ, the same is forced by P µ . By the elementarity of j, the structure V θ , ∈, P ∩ V θ thinks that the forcing P ∩ V θ forces
. So, since θ ∈ C (n) P , P forces the same. We have thus found a condition below r, namely r ∧ r * , forcing the existence of an elementary embedding
with cp(j * ) = δ, j * (δ) > λ, and j * (δ) ∈ C (n) , as wanted.
Corollary 8.5. Let n ≥ 1 and let P be the standard class forcing that forces V=HOD. If δ is P-C (n) -extendible, then P forces that δ is C (n) -extendible.
Proof. Arguing like in the proof of theorem 5.1, every inaccessible cardinal is P-reflecting. Hence theorem 8.4 yields the desired conclusion.
Brooke-Taylor [BT11] proves that Vopěnka's Principle (equivalently, the existence of a C (n) -extendible cardinal, for every n) is preserved by suitable class forcing iterations. However, the proof does not yield a level-by-level preservation, in the sense that it does not show that C (n) -extendible cardinals are preserved. Our theorem 8.4 shows that they are preserved for most suitable iterations, assuming a bit more than C (n) -extendibility, namely P-C (n) -extendibility.
